Abstract. We introduce a new class of generic cohomologies and show how, in some cases, they simplify non standard cohomologies [5, 18] . For doing so, we use a previous generalization of the Generic Model Theorem for equivariant exact presheaves of structures; extending the results of Macintyre and Caicedo [6, 17] .
Foreword
We work with an equivariant version of the sheaves of structures introduced by Comer [7] and Macintyre [17] and later further expanded by Caicedo [6] , suitable for working with a transformation group G acting on the sheaf. A G-structure is a structure with an action such that elements of G commute with language symbols. Given a presheaf of G-structures M on X; through a previous extension of (topo)logical "truth" due to Caicedo [6] to the equivariant context, we show that
• If M is exact, then it has a generic G-model.
• If (M, d) is a differential presheaf of structures with generic model M gen then there is a canonical generic cohomology structure H gen (X, M) with nice category-theoretic properties. This is done through a simplification in the presentation of the pointwise forcing relation. The article follows this sequence: Sections 1 and 2 provide the basics on G-structures and equivariant presheaves with fibers of that kind. In section 3 we review the local semantics and their behavior. Section 4 is devoted to the construction of equivariant generic models and what we mean by their "genericity" (Theorem 4.4.3), so we extend both the Generic Model Theorem 5.2 of [6] and Theorem 3 of [17] to the equivariant context. We also introduce a new class of cohomologies related to differential generic models. Our aim here is therefore to establish the first results towards a Model Theoretic analysis of geometric structures beyond sheaves.
From now on, we fix a group G.
G-structures
We follow usual model theory conventions (see for example [14, 19] ) in our definition (and notation) of a language L = (F , R, C) and a structure M =
Relations, functions, constants, arities, formulas and semantics (such as M |= ϕ(a)) are understood on this context.
✲ N that commutes with the language symbols. In particular, we only ask α R M ⊂ R N for each R ∈ R. Geometric reasons for this will be appreciated
soon. An isomorphism is a bijective morphism whose inverse is also a morphism.
An embedding (resp. a submersion) is an injective (resp. surjective) transfilled morphism. Given two structures M, N such that M ⊂ N ; we say that M is a substructure of N iff the inclusion map is an embedding, in that case we write M ≤ N .
Given a transfilled morphism M α ✲ N ; there is a unique substructure I(α) of N whose universe Im(α) is the image set of α. From the obvious equivalence relation on M induced by α we also obtain a quotient model M/ ∼ whose universe is the quotient set M/ ∼; the quotien projection M (b) Relations are invariant subsets:
In other words; given x 1 , . . . , x n R ∈ R A and g 1 , . . . , g n R ∈ G, we also
(c) functions are G-equivariant: For each f ∈ F with arity n, g ∈ G and 
(2) For a compact group G and a topologic G-space X; each g ∈ G provides, by left multiplication, a homeomorphism X g ✲ X. These induce a family of chain isomorphism on singular chains
Notice that G acts linearly on the singular chain groups SC * (X) and also on the homology groups H * (X) so these cases are similar to example (1). The same can be done for Lie groups, smooth manifolds, smooth forms and De Rham cohomology. It actually can be extended to more complicated (co)homology theories, see for instance [22] . [<∞] is a family of finite subsets of the set of natural numbers N in which is hereditary in the following sense: if u ⊂ v ∈ S then u ∈ S; see [20] for details. The standard n-simplex corresponds to ∆ n = (n, P(n)) where, as usual, 0 = ∅ n = {0, . . . , n − 1} for n > 0, and P(n) is the set parts of n. For this finite polyhedron, the unique subgroup G ≤ S n such that ∆ n is a Gstructure is the trivial group G = {e}. On the other hand; the geometric boundary ∂ ∆ n = P(n)\{n}, is a G-structure for any subgroup of G ≤ S n .
(4) We due the following example/remark to X. Caicedo. The orbit set M/G of a G-structure M is not necessarily a structure in the same language. For this to happen, we should consider a stronger notion G-structure, replacing 2(c) by more restrictive condition as, for instance, that each function f M to be coordinatewise equivariant; then the induced quotient functions would make sense in (M/G) n . It is possible to construct generic orbit models coming from sheaves of "strong" G-structures; however the first two examples of this list would be excluded.
The composition of G-equivariant morphisms (resp. embeddings, submersions, etc.) is an arrow of the same kind.
1.6. The family of G-structures and G-equivariant morphisms (resp. embeddings, submersions, elementary embeddings) is a category, we will denote it by
For an inverse system of G-structures {M i : i ∈ D} and a ∈ M i for some i ∈ D we write [a] for the germ of a in the colimit M = coLim i∈D M i . The limit action of G on M is well defined. [Proof ] (⇒) By induction on formulas. For instance:
Since ρ ji is a morphism it commutes with terms, so
By induction, assume the statement for both ψ(v) and (a) ). Now, notice that all restrictions maps are embeddings and, by our assumptions, we can suppose that ψ, θ are quantifier-free formulas. Since ρ kj is an embedding and
The other cases are similar. The converse (⇐) holds because morphisms preserve the validity of formulas without ¬, ∀.
Sheaves of G-structures
2.1. The definitions (and notation) of presheaves, restrictions, and induced sheaves are directly taken from [3, 11] . A presheaf of G-structures on X is a presheaf
Each open subset U of X is sent to some G-structure M U and each inclusion of open subsets U ⊂ V is mapped to the corresponding equivariant restriction morphism M V ρ U V✲ M U . When G is trivial we talk about a "presheaf of structures".
Examples.
The following examples were inspired by Gendron [10] ; we further develop them later in this paper as examples 4.3 and 5.4. Let's consider some examples on X = N the set of natural numbers with the discrete topology.
(1) The sheaf of real sequences RS is given as follows: For each U ⊂ N define RS U = R U as the set of all maps from U to R. For each inclusion U ⊂ V there is a restriction map RS V ρUV ✲ RS U given by α → α| U . Coherence and exactness are straightforward. The group Z of integer numbers acts on RS with the translations induced by its structure as an additive subgroup of R, more precisely
The presheaf G of graphs on N is given as follows: For each U ⊂ N define
. An element of G U is a function U [2] α ✲ 2 that decides, for each possible edge e = {u, v} ⊂ U , whether u, v are connected (α({u, v}) = 1) or not (α({u, v}) = 0). If U ⊂ V then U [2] ⊂ V [2] , so the restriction ρ U V (α) = α|
makes sense: it corresponds to the graph obtained by dropping the vertices in U \V [8] . This presheaf is exact but not coherent. It is possible to define in a similar way a presheaf P k of k-polyhedra, where k > 0 is the geometric dimension allowed; as k grows, there are more possibilities to extend local k-polyhedra, so P k becomes less coherent.
Local Semantics
3.1. Pointwise semantics. Fix some presheaf of G-structures M on X and a point x ∈ X. Let ϕ(v) be a formula in free variables v = (v 1 , . . . , v n ). We also fix (temporarily) an open set U ∋ x and some element a ∈ M U ; we say that M forces ϕ(a) at x, and write M x ϕ(a), according to the following induction:
Notice that, by Proposition 1.6.1 this is equivalent to require that 
open set U ∋ x such that at all elements y ∈ U , all pairs of sections a, b defined at y are forced at y to be equal or different. When M is a sheaf and the base space X is Hausdorff, this means exactly that the induced sheafspace is Hausdorff in some neighborhood of x.
3.2.
Open semantics. Given a presheaf of G-structures M, an open set U ⊂ X and some a ∈ M U ; we say that M forces ϕ(a) in U , and we write
The validity of ϕ(a) is related to the topology of X: [Proof ] This is a translation of 
Equivariant generic models
In this section we show how the models constructed at §4 are generic. Fix a presheaf of G-structures M on X.
4.1.
For the definitions and existence of filters and ultrafilters see [16, p.83,135] . The following definition is from [6] . A (non trivial) filter generated by a family of open subsets F in X is generic with respect to the presheaf M iff: [α] ∈ RS gen , α ∈ RS U ; take β ∈ R N defined as β(i) = α(i) if i ∈ U , and β(i) = 0
We deduce that RS gen is the quotient of R N by the equivalence modulo the ultrafilter F, i.e. the ultraproduct of R which leads to the structure of non standard real numbers RS gen = * R. We should also notice that this is a sheaf of strong Z-structures, in the sense of §1.4-(4). Then
is the non-standard unit circle group. Genericity, in this case, is just the universal semantic property of ultraproducts.
4.4.
Let us show the behavior of the forcing relation under double negations. We start with two easy statements, the proofs are left to the reader who can go to [6] for more details. The Gödel translation ϕ G of some formula ϕ is defined, by induction, as follows:
• ϕ G is ¬(¬ϕ) for an atomic formula ϕ. 
[Proof ] See Theorem 4.3.3 at [21] .
Generic cohomology
The model theory of cohomology has had some earlier results (see [18] ). Our notion is adapted to sheaves and G-sheaves -we exploit the functoriality of generic models in our definition and provide various examples that show that this extends classical notions of cohomology, and furthermore allows us to define new extensions.
5.1. Let us fix two exact presheaves M, N of G-structures. Then;
(1) By colimit properties; M gen inherits a natural action, so it is a G-structure. 
These "cohomology structures" are well defined by 1.2; they extend the usual notion of cohomology. Since the space X belongs to any ultrafilter, there is a quotient map M X ✲ M gen which commutes with the differential d, and a well defined morphism of cohomology structures [13] and cohomology [22] . (4) (N, q)-cohomologies of amplitude 1 ≤ k < N , and N > 0; [9, 15] . The relation between these presheaves is usually given given in terms of cohomology spectral sequences.
5.4.
Example: Non standard generic cohomology. For similar examples coming from other contexts, see [5] . Consider the sheaf Z n S of sequences on (subsets of) N with values on the ring Z n of integers modulo some fixed n > 0; let n = p Given a = 0 in Z n ; let 1 ≤ a = bq ≤ n − 1; where (q, n) = 1, i. e. q is the coprime part of a, so b = p for some m 1 , . . . , m 2 . Then a is nilpotent in Z n iff p j /a (or, equivalently, 1 ≤ m j ≤ r j ) for each j = 1, . . . , s. Since the multiplication on Z n by a unit q is an isomorphism; the order of a and b coincides, so we will assume without loss of generality that q = 1.
assingment. The above examples are similar to those non standard cohomologies of Brünjes and Serpé, [5] . New examples of generic cohomologies should appear from structure sheaves such as those provided by Abramsky [1] . An additional reason of interest in this subject, from a model theoretic perspective, is the development of stability theoretical tools for the classification of sheaves. These question are not treated here. The authors hope to fulfill these tasks in a forthcoming article.
